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1. Introduction
Let k be a ﬁeld and let p ∈ k[x1, . . . , xn] be a polynomial. We say that p is a coordinate polynomial,
if it can be included in a generating set of cardinality n of the algebra k[x1, . . . , xn]. Of course, if p is
a coordinate polynomial, then it is irreducible and its zero-set is isomorphic to kn−1.
Let φ : k[x1, . . . , xn] → k[x1, . . . , xn] be a polynomial automorphism. It is easy to see that if f is a
coordinate polynomial, then so is φ( f ). Conversely, Arno van den Essen and Vladimir Shpilrain in the
paper [2] have stated the following:
Problem 1. Let k be a ﬁeld of characteristic zero. Is it true that every endomorphism of k[x1, . . . , xn]
taking any coordinate polynomial to a coordinate one is actually an automorphism?
This is an interesting problem which has connection with the famous Jacobian Conjecture. In the
paper [5], Problem 1 was solved in the aﬃrmative for the complex ﬁeld C. Naturally, one can ask the
following reﬁned version of Problem 1:
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taking any linear polynomial to a coordinate one is actually an automorphism?
For k =C this problem is still unsolved. When k is not algebraically closed, however, a counterex-
ample to this problem was already constructed by Mikhalev–Yu–Zolotykh [12]. This result suggests
that the situation may be largely different depending on whether k is algebraically closed or not.
From this point of view a full solution of Problem 1 seems to be interesting and important.
Here we modify our old approach and using a recent result of Y. Li and J.T. Yu we obtain a full
solution of Problem 1:
Theorem 1.1. Let k be a ﬁeld of characteristic zero. Let φ be an endomorphism of k[x1, . . . , xn]. Assume that φ
takes any coordinate polynomial to a coordinate one. Then φ is an automorphism.
I am very grateful to Y. Li and J.T. Yu for sending me their preprint [14]. I am also grateful to the
anonymous referee for his useful comments.
2. Terminology
If p is a coordinate polynomial in k[x1, . . . , xn], then its zero-set {x ∈ kn: p(x) = 0} will be called
a coordinate variety. Let us note that if p is a coordinate polynomial, then it is also a coordinate
polynomial after change of the ﬁeld.
Let X be a projective variety (i.e. irreducible and reduced closed subscheme of some projective
space). The variety X is said to be uniruled if it is of dimension n  1 and there exist a projective
variety W of dimension n − 1 and a rational dominant mapping Φ : W × P1(k)− → X . Moreover, if
the ﬁeld k is algebraically closed, then a projective variety X is an uniruled variety if and only if it
is of positive dimension and for a generic point in X there exists a rational curve in X through this
point.
For aﬃne variety X ⊂ kn we say that X has s non-uniruled components at inﬁnity, if the variety
cl(X) \ X (where cl denotes the projective closure in Pn(k)) has s non-uniruled irreducible compo-
nents.
3. Preliminaries
Let K be an algebraically closed ﬁeld. At the beginning we recall some basic facts about K -uniruled
varieties (see [6,9]). For the convenience of the reader we include most of proofs of this facts.
Deﬁnition 3.1. Let Γ ⊂ Kn be an aﬃne curve. We say that Γ is a polynomial curve if there exists a
regular dominant map φ : K → Γ . Let X be an aﬃne variety. A family F of aﬃne polynomial curves
on X is called bounded if there exists an embedding i : X ⊂ K N and a natural number D such that
every curve Γa ∈F has degree less or equal to D in K N .
Now we give the deﬁnition of a K-uniruled variety. We have introduced this notion for uncountable
ﬁelds in [6]. However, here we work over any ﬁeld and we need a reﬁned version of the deﬁnition (it
coincides with older one for uncountable ﬁelds). We have (see [9]):
Proposition 3.2. Let X ⊂ K N be an irreducible aﬃne variety of dimension  1. The following conditions are
equivalent:
(1) there is a bounded family F of aﬃne polynomial curves, such that for every point x ∈ X there is a curve
lx ∈F going through x;
(2) there is an open, non-empty subset U ⊂ X and a bounded family F of aﬃne polynomial curves, such that
for every point x ∈ U there is a curve lx ∈F going through x;
(3) there is an aﬃne variety W of dimension dim X−1 and a polynomial dominantmapping φ : K ×W → X.
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We prove (2) ⇒ (1). Suppose that X = {x ∈ Km: f1(x) = 0, . . . , fr(x) = 0}. For a = (a1, . . . ,am) ∈ Km
and b = (b1,1 : · · · : bd,m) ∈ PM , where M = dm − 1, let ϕa,b(t) = (a1 + b1,1t + · · · + bd1,dtd, . . . ,am +
bm,1t + · · · + bdm,dtd) be a parametric curve. Consider a variety and a projection
π : Km × PM ⊃ V = {(a,b) ∈ Km × PM : ∀t, i, f i(ϕa,b(t))= 0}  (a,b) → a ∈ Km.
The deﬁnition of the set V says that parametric curves ϕa,b(t) are contained in X . Hence the image of
the projection is contained in X and contains U , since through every point of U passes a parametric
curve of degree at most d. But since PM is complete and V is closed we have that the image is closed,
and hence it is the whole set X .
Let us prove (2) ⇒ (3). For some open aﬃne and irreducible subset V ′ ⊂ V the projection π |V ′ is
still dominant. We can assume that V ′ ⊂ Kr .
Consider a mapping Φ : K × V ′  (t, φ) → φ(t) ∈ X . Let s := dim V ′ and n := dim X . On an open
subset of X ﬁbers of the map Φ ′ = Φ|K×V ′ are of dimension s + 1 − n, let x be one of such points.
From the construction of the set V we know that the ﬁber F = Φ ′−1(x) does not contain any line of
type K ×{y}, so in particular the image F ′ of the ﬁber F under projection K × V ′ → V ′ has the same
dimension. For general linear subspace L ⊂ Kr of dimension r + n − s − 1 the dimension of L ∩ F ′ is
equal to 0. Let us ﬁx such L, and let R be any irreducible component of L ∩ V ′ intersecting F ′ . Now
the mapping Φ ′|K×R : K × R → X conﬁrms the assertion, since it has one ﬁber of dimension 0 (at x)
and dimension of R is n − 1.
To prove the implication (3) ⇒ (2) it is enough to notice that for each w ∈ W a map φw : K  t →
φ(t,w) ∈ X is either a polynomial curve of degree bounded by deg φ or it is constant. Image of φ
contains an open dense subset, so after excluding points with inﬁnite preimages (closed set at most
of codimension one) we get open set U with appropriate properties. 
Now we can state:
Deﬁnition 3.3. An aﬃne irreducible variety X is called K -uniruled if it is of dimension  1, and
satisﬁes one of equivalent conditions (1)–(3) listed in Proposition 3.2.
To prove Theorem 1.1 we need some facts about the set of points at which the polynomial mapping
f : Kn → Kn is not proper (cf. [7,4]).
Deﬁnition 3.4. Let f : Kn → Kn be a generically ﬁnite polynomial mapping. We say that f is proper at
a point y ∈ Kn if there exists a Zariski open neighborhood U of y such that res f −1(U ) f : f −1(U ) → U
is a ﬁnite map.
In the papers [6,7,13] it was studied the set S f of points at which a mapping f : Kn → Kn is not
proper. In particular it was proved in [7] that S f is either empty or it is a hypersurface:
Theorem 3.5. Let f : Kn → Kn be a dominant generically ﬁnite polynomial map and let K ( f1, . . . , fn) ⊂
K (X) be the induced ﬁeld extension. Let x1, . . . , xn be coordinates in Kn and let
xnii +
ni∑
l=1
ail ( f )x
ni−l
i = 0,
where the ail ∈ K ( f1, . . . , fn) are rational functions, be the minimal equation of xi over K ( f1, . . . , fn). Let S
denote the union of poles of all functions ail . Then S = S f . In particular the set S f is either a hypersurface or
the empty set.
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K [ f1, . . . , fn] ⊂ K [x1, . . . , xn] is an integral extension and the mapping f is ﬁnite. Otherwise S , and
hence f −1(S) is a hypersurface. Let S = {x: A(x) = 0} for some polynomial A. Let V = Kn \ f −1(S)
and let W = Kn \ S . Then V ,W are aﬃne varieties and K [V ] = K [x1, . . . , xn][(A( f (x))−1], K [W ] =
k[y1, . . . , yn][A−1]. Hence f∗K [W ] = K [ f1, . . . , fn][(A( f (x))−1]. Since all functions aik are regular in
W we conclude that elements xi are integral over f∗K [W ]. Of course A( f )−1 is also integral, and we
get the integral extension f∗K [W ] ⊂ K [V ].
⇒ The following lemma is well known:
Lemma 3.6. Let A, B are integral domains, B = A[x1, . . . , xn] such that the ﬁeld B0 is ﬁnite ﬁeld extension of
the ﬁeld A0. If A is normal ring, then B is ﬁnite ring extension of A if and only if the following condition hold:
if P i ∈ A0[T ] is the minimal polynomial of xi over A0 then Pi ∈ A[t], i = 1, . . . ,n.
Now let f be ﬁnite over y ∈ Kn. It means that there is an aﬃne neighborhood U of y such that
the mapping res f −1(U ) f : f −1(U ) → U is ﬁnite. Of course, we can assume that U = Kn \ {x: A(x) = 0},
where A is a polynomial. By the assumption, the ring K [ f −1(U )] = K [x1, . . . , xn][(A( f (x))−1] is in-
tegral over the ring f∗K [U ] = K [ f1, . . . , fn][(A( f (x))−1]. In particular it means, by the lemma above,
that coeﬃcients of polynomials
xnii +
ni∑
l=1
ail ( f )x
ni−l
i = 0
are elements of the ring K [ f1, . . . , fn][(A( f (x))−1]. Hence ail ∈ K [y1, . . . , yn][(A(y))−1] and conse-
quently they are regular in U . Hence U ⊂ Kn \ S. 
Moreover, if the ﬁeld K is uncountable then the hypersurface S f is K -uniruled (see Theorem 5.7
in [6] and Theorem 4.1 in [13]). Here we show that this is also true for arbitrary algebraically closed
ﬁeld K :
Proposition 3.7. Let K be an algebraically closed ﬁeld. Let f = ( f1, . . . , fn) : Kn → Kn be a polynomial
dominant mapping. Then the set S f of points at which the mapping f is not proper is either empty or it is a
hypersurface. Moreover, the variety S f is K -uniruled.
Proof. If the ﬁeld K is uncountable it was proved in [6], Theorem 5.7 and [13], Theorem 4.1. Hence
we can assume that the ﬁeld K is countable. We have to prove that the set S f is K -uniruled. Let
L be uncountable algebraically closed extension of K . By the base change we obtain the mapping
f = ( f1, . . . , fn) : Ln → Ln. Moreover, it is easy to check that the set S f has the same equation as
the set S f , i.e., there exists a polynomial h ∈ K [x1, . . . , xn] such that S f = {x ∈ Kn: h(x) = 0} and
S f = {x ∈ Ln: h(x) = 0}.
By the ﬁrst part of our proof the variety S f is L-uniruled. In particular there exists a number D
such that for every point x ∈ S f there is a polynomial aﬃne curve lx ⊂ S f ⊂ Ln, of degree at most D,
going through x. Note that it is true for every point x ∈ S f .
Every such curve lx is given by n polynomials of one variable:
lx(t) =
(
x1 +
d∑
i=1
a1,iti, . . . , xn +
d∑
i=1
an,iti
)
,
where d D. Hence we can associate lx with one point(
a1,0,a1,1, . . . ,a1,d;a2,0, . . . ,a2,d; . . . ;an,0, . . . ,an,d) ∈ LN ,
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equivalent to the condition h(lx(t)) = 0. The last equations are in fact equivalent to a ﬁnite number of
polynomial equations
hα
(
a1,0,a1,1, . . . ,a1,d;a2,0, . . . ,a2,d; . . . ;an,0, . . . ,an,d)= 0,
where hα ∈ K [y1, . . . , yN ]. Equations hα = 0 plus extra conditions ai,0 = xi , i = 1, . . . ,n and a1,d = 1
have solutions in the ﬁeld L, hence they have also solutions in the ﬁeld K .
This means that we can ﬁnd an aﬃne polynomial curve lx over the ﬁeld K of degree at most D,
which is contained in S f and goes through x. Consequently the variety S f is K -uniruled. The proof
of Proposition 3.7 is complete. 
We need also the following important fact (see [6, Proposition 5.3]):
Proposition 3.8. Let K be an algebraically closed ﬁeld of characteristic zero. A K -uniruled aﬃne irreducible
variety X ⊂ Kn has at most one non-uniruled component at inﬁnity.
Proof. Since a polynomial curve has only one point at inﬁnity, we can assume that dim X > 1. We
have to show that the variety H := cl(X) \ X has at most one non-uniruled component (cl denotes
here the projective closure).
By the assumption about X there are an aﬃne irreducible variety W (we can assume that W
is smooth) and a polynomial dominant mapping φ : K × W −→ X . Let W ′ be a smooth completion
of W . We can consider the map φ as a rational dominant mapping Φ from Z := P1(K )×W ′ to cl(X).
We can resolve indeterminacy of Φ , i.e., there exists a sequence of blowing-up’s along smooth
subvarieties such that we obtain the following commutative diagram
π
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
Zm
Zm−1
.
.
.
Z X
Φ
Φ ′
π1
πm−1
πm



















where Φ ′ is a regular (and surjective) map. Let us note that ﬁbers of all πi are projective spaces. Let
S be the set of indeterminacy of Φ . The set π−1(S) is uniruled of codimension one.
Let us note that H ⊂ Φ ′(π−1(S)∪(∞×W ′)”∪(P1(K )×(W ′ \W ))”), where sign ” denotes a proper
transform. Among hypersurfaces π−1(S), (∞ × W ′)”, (P1(K ) × (W ′ \ W ))”, only the hypersurface
(∞ × W ′)” might be non-uniruled. Hence H cannot have more than one non-uniruled component. 
4. The solution
Let k be a ﬁeld of zero characteristic. Let φ be an endomorphism of k[x1, . . . , xn], which takes any
coordinate polynomial p to a coordinate one. The endomorphism φ induces a polynomial mapping
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it is enough to show that the mapping f is a polynomial automorphism of kn . We do it in two steps.
First we show that f has the invertible Jacobian. Now let K be the algebraic closure of k. By the
base change we obtain the induced mapping f = ( f1, . . . , fn) : Kn → Kn . We show that f is a ﬁnite
mapping. This two properties imply that f is an isomorphism. In particular the mapping f is also an
isomorphism. We start with the following nice and important fact which was proved by Y. Li and J.T.
Yu in [14]:
Lemma 4.1. Let k be a ﬁeld of characteristic zero. Let φ : k[x1, . . . , xn] → k[x1, . . . , xn] be endomorphism, tak-
ing any coordinate polynomial to a coordinate one. Let f = ( f1, . . . , fn) : kn → kn be the induced polynomial
mapping. Then det[ ∂ f i
∂x j
] ∈ k∗ .
Now we will prove that f is a ﬁnite mapping. We start by recalling suitable form of the First
Bertini Theorem on hyperplane sections (see [1], [3, Theorem 8.18 and Remark 8.18.1, pp. 179–180]
and [10]):
Theorem 4.2. Let X ⊂ Pn(K ) be a projective variety. Then there exists a non-empty Zariski open subset U ⊂
P
n(K )∗ , such that for every hyperplane π ∈ U the scheme π ∩ X is smooth outside the singular points of the
variety X.
We need also the following form of the Second Bertini Theorem (see [1,10]):
Theorem 4.3. Let X ⊂ Pn(K ) be a projective variety. Let Pn(K )∗ denotes the dual space of all hyperplanes
in Pn(K ). If dim X > 1, then there exists a non-empty Zariski open subset U ⊂ Pn(K )∗ , such that for every
hyperplane π ∈ U the scheme π ∩ X is irreducible and reduced.
Remark 4.4. It is worth to note that Theorems 4.2 and 4.3 are valid for every algebraically closed ﬁeld,
although we do not need this fact.
Finally we need the following:
Proposition 4.5. Let k be an inﬁnite ﬁeld and let K be its algebraic closure. Then the set Pn(k) (of k-rational
points in Pn(K )) is dense in Pn(K ).
Proof. It is enough to show that in every Zariski open non-empty subset U ⊂ Pn(K ) there are
inﬁnitely many k-rational points. There is a homogeneous polynomial F ∈ K [x0, . . . , xn] such that
P
n(K ) \ V (F ) ⊂ U . Moreover we can assume that x0|F . In this way our problem reduces to the case
U = Kn \ V ( f ), where f ∈ K [x1, . . . , xn] is a non-zero polynomial. Let us recall the following:
Lemma 4.6. (See [11, Corollary 2, Section V.4].) Let K be a ﬁeld and let T1, . . . , Tn be inﬁnite subsets of K . Let
f ∈ K [x1, . . . , xn] be a polynomial. If
f (a1, . . . ,an) = 0
for every ai ∈ Ti then f = 0.
Now assume that the set U = Kn \ V ( f ) contains only ﬁnitely many k-rational points P j =
(a j,1, . . . ,a j,n). Let T = k \ {a j,i}. Then T is an inﬁnite subset of K . Putting Ti = T in Lemma 4.6
we get f = 0 – it is a contradiction. 
Now we are ready to prove:
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irreducible hypersurface. Then there exists inﬁnitely many k-rational coordinate varieties π ⊂ Kn, such that
the variety V ∩π is not K -uniruled.
Proof. Take n = 2. By Bezout Theorem a generic k-rational line cuts V in a non-empty zero-
dimensional set, which of course is not K -uniruled.
Now, assume that n > 2. By a k-linear change of coordinates we can assume that V has an equation
of a following type:
xsn + a1(x1, . . . , xn−1)xs−1n + · · · + as(x1, . . . , xn−1) = 0,
where degal(x1, . . . , xn−1)xs−ln  s for l > 0.
Now take n > 3. We can pass to the new coordinates x′j = x j for j = 1, . . . ,n − 1 and x′n = xn +
(xr1 +· · ·+ xrn−2 + xrn−1)(xr1 +· · ·+ xrn−2 − xrn−1), where r  n−1. In this new coordinates the projective
closure of V has at inﬁnity exactly two components: Λ1 := {x ∈ Pn−1(K ): (xr1+· · ·+xrn−2+xrn−1) = 0},
Λ2 := {x ∈ Pn−1(K ): (xr1 + · · · + xrn−2 − xrn−1) = 0}. These components are two cones, each of them
with only one singular point (0 : 0 : · · · : 1) ∈ Pn−1(K ). By the Second Bertini Theorem 4.3 there exists
a non-empty open subset U1 ⊂ Pn(K )∗ such that for every hyperplane π ∈ U1, the intersection V ′ :=
π ∩ V is an irreducible variety. Moreover by the First Bertini Theorem 4.2 there exists a non-empty
open subset U2 ⊂ Pn(K )∗ such that for every hyperplane π ∈ U2, the intersection V ′ := π ∩ V has
exactly two smooth n−3-dimensional components at inﬁnity: Λ′1 := π ∩Λ1, Λ′2 := π ∩Λ2 ⊂ Pn−2(K ).
By Proposition 4.5 we can ﬁnd inﬁnitely many k-rational hyperplanes π ∈ U1 ∩ U2.
Hence π is k-rational, V ′ := π ∩ V is a variety and the intersection V ′ := π ∩ V has exactly two
smooth n − 3-dimensional components at inﬁnity: Λ′1 := π ∩ Λ1, Λ′2 := π ∩ Λ2 ⊂ Pn−2(K ). Each of
these components has degree r  n − 1. Since every smooth hypersurface S ⊂ Pl(K ) of degree r > l is
not uniruled (cf. [8]) we get that components Λ′1, Λ′2 are not uniruled. By virtue of Proposition 3.8
we deduce that the variety V ′ is not K -uniruled.
The case n = 3 we do very similar. First change coordinates in this way that V has two different
lines at inﬁnity (e.g., x′1 = x1, x′2 = x2, x′3 = x3 + x21 + x22). Let O be the common point of these lines
and let H denotes a hyperplane in P3(K )∗ dual to the point O .
By the Second Bertini Theorem there exists a non-empty open subset U ⊂ P3(K ) such that for
every plane π ∈ U \H the set V ∩π is irreducible, and it has two points at inﬁnity. By Proposition 4.5
in the set U \H there are inﬁnitely many k-rational planes π . Of course for such a π , the variety V ∩π
cannot be an aﬃne polynomial curve. 
Now we can prove our main result:
Theorem 4.8. Let k be a ﬁeld of characteristic zero. Let φ be an endomorphism of k[x1, . . . , xn]. Assume that φ
takes any coordinate polynomial to a coordinate one. Then φ is an automorphism.
Proof. Let φ be an endomorphism of k[x1, . . . , xn], which takes any coordinate polynomial to a coor-
dinate one. Let f : kn → kn be the mapping induced by φ. Let f : Kn → Kn be the mapping obtained
from f by the base change. We know (Lemma 4.1) that the mapping f has the invertible Jacobian.
We have to show that f is an automorphism.
The case n = 1 is trivial. Take n  2. Let us assume that conversely, the mapping f is not an
automorphism, in particular it cannot be ﬁnite. Let V be a non-empty irreducible component of the
set S f (= the set of points at which f is not proper). Hence V is a hypersurface. By Lemma 4.7
there is a k-rational coordinate variety π such that π ∩ V is not a K -uniruled variety. We can assume
that π does not coincide with any component of S f . Let us consider the mapping f
′ : f −1(π)  x →
f (x) ∈ π . Let us note that the varieties π, f −1(π) as coordinate varieties are isomorphic to Kn−1. In
fact, the mapping f ′ can be treated as an (unramiﬁed) mapping f ′ : Kn−1 → Kn−1.
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contained in the set S f ′ of points at which the mapping f ′ is not proper. Since the latter variety is
not K -uniruled, this contradicts Proposition 3.7.
Thus the mapping f is an isomorphism. Since the coeﬃcients of f are in the ﬁeld k by the well-
known inversion formula also coeﬃcients of the mapping f −1 are in the ﬁeld k. This proves that the
mapping f is an isomorphism. Consequently, the mapping φ is an isomorphism, too. 
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